NMR Spectroscopy: Principles
and Applications

Relaxation



Relaxation

Relaxation is the process by which the bulk magnetization
reaches its equilibrium Value.

Features of Relaxation in NMR

Relaxation in NMR is slow — millisecond to several
seconds and even minutes. This means we can
manipulate transverse magnetization by multiple
pulse-delay sequences. But wait long time between
signal averaging scans.

Long relaxation time means narrow spectral lines yielding
high resolution spectrum.

NMR relaxation is sensitive to slow molecular motions
and act as a probe for accessing such information.

Relaxation in the form of Nuclear Overhauser Effect (NOE)
gives structural information of the molecule.



What is Relaxation?

Relaxation is the process by which the bulk
magnetization reaches its equilibrium value. That
is the z— magnetization grows back along the
applied field axis (z-axis). Any transverse
magnetization and other coherences decay over
time.
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What is Relaxation?

In order to flip magnetization back along z-axis
there should be frequency components in the
vicinity of Larmor frequency present due to the
relaxation process. The same process should also
render the coherences to decay over time by
introducing random phase disorder in them.

There are various naturally occurring interactions
or mechanisms that lead to the generation of
fluctuating local magnetic fields that cause
relaxation.



What is Relaxation?

Nuclear spins are tiny magnets and they interact with
each other by producing magnetic fields at the site
of the other spins. These magnetic fields change in
magnitude and orientation (with respect to the
applied field direction) due to thermal motions such
as molecular rotations (gasses, liquids), collisions
(gasses, liquids), and local centers of fluctuations
and rotations (solids). }




Spin-Lattice Relaxation

Thus the nuclear Zeeman interaction is coupled to the thermal
energy of the whole system via motions and termed as
lattice. Thus the Spin-Lattice interaction leads to the

relaxation.
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The lattice has many degrees of freedom with very large heat
capacity compared to the spin energy, that energy flows
from spins to lattice by bringing the spin energy in thermal
equilibrium with the lattice. This asymmetry in the flow of
energy (i.e spin system to lattice) bring about the generation
of z- magnetization and no coherences at equilibrium.



Correlations of Random Motion

The nature of the time dependence of the local fields
B,..(t) imposed by the random thermal motions is
represented by a function called correlation
function characterized by a parameter called
correlation time.

Let us say in a collection of spins, the spin i experiences
a local field B, (t) and at a later time t+1, B, (t+7),
the correlation function G(t, 7) is defined as the
average over the collection of the product B, (t) and
B,,.(t+7).

1 N
G(t,7) = aBloc,i (t)Bioc,i (t+7)

N2
= Byoc (t)Byoc (t+7)




Correlations of Random Motion

We make a further assertion that the correlation
function does not depend on the absolute time but
only the duration tthat has elapsed. The correlation
function is then,

1 N
G(r) = N _%Bloc,i (0)Bioc,i (7)

= Bjoc (0)Byoc (7)

The function G(t) smoothly decays with a time
constant called the correlation time (t,). The
correlation time is also defined as the average time
taken for the molecule to rotate 1 radian away from
the starting position.




Visualizing Correlation Function

Let us follow, say 50 spins, by monitoring B,,_ (set to vary
between +1 to -1) at their sites for different values of .

In column (a) =0,
(b) <z, and in (c)
>>T,. The top
row is B, . at =0,
the middle row is
B, . at 7, and the
bottom row is
product of the
first and second.
Note that:
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Visualizing Correlation Function

The product decays as the elapsed time increases. The
function G(7) thus looks as below for various ..

G(1) has maximum

value at t=0. ?IO_C
G(0) = Bjoc (0)Byoc (0)
= BI%c *




Spectral Density Function

The Fourier transform of the correlation function G(7)
is the spectral density function J(w).

G()— 5 3(@) G(r) =Bl ep(r]/r)) (@) =BRe
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Spectral Density at Larmor frequency

For the equilibrium z- magnetization to build up, there
should be finite spectral density at the Larmor
frequency, so that the spins can flip by utilizing the
energy.
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A plot of J(w,) vs T.shows a maximum when w, 7, ~ 1.
Thus, the longitudinal relaxation time of a given
molecule depends on the spectrometer frequency.



Longitudinal Relaxation of Isolated
Spin system

The z- magnetization of spin 1=1/2 system is proportional
to the population difference of the two states . and p.
M, Z%m(na _nﬁ)
At equilibrium the populations are given by the
Boltzmann distribution.

1 1
ng :EN exp(—E, /kgT) n% :EN exp(—E g /kgT)

nd :%N(l— E, /kgT) Ny :%N(l— Eg/kgT) ~ ( E/kgT)<<1

‘ kgT
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M0 = 7 " NBg



Longitudinal Relaxation of Isolated
Spin system

Consider a two level system with a rate of transfer from
a €2 fis W ;. Then the rate of change of population
of a level is given by the deviation from equilibrium of
the populations of the levels and the transition rate.

Ang, :Waﬂ(nﬁ _n,cB))_Waﬁ(na _ng) s ROOeS
Ang =-W,z(ng —n%)+Waﬂ(na —n2) T Ws s
AM, = 2W,5l(n, —ng)— (00 —nD)|=-2W,5(M, M) Wiy

Ny -‘oooY—

The rate of Change of M, is written as

%Mz(t):_Rlez(t)_Mgl

d 1
aMz(t)=—T—1[Mz(t)—M?]



Longitudinal Relaxation of Isolated
Spin system

The solution of the rate equation is straightforward.

%Mz(t)z_Rz[Mz(t)_Mgl

I 1
(M, ) -M?)

dM, (t) = [- R, dt

In(M ,(t)—M 9 ): —R,t +const.
Setting t=0, we get the constant as In[M,(0)-M.[(t)]

M, (t) - MO] M, (t)—M?
In —R,t z Z | _ _
['V' (0)-M7 [MZ(O)—MQ] PR




Longitudinal Relaxation of Isolated
Spin system

Plots show how the longitudinal magnetization vary with
time (a) for a given rate constant and various starting
point of M,(0) and in (b) the M,(0) was partial inversion
and the curves are for various rate constants R,
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Inversion Recovery

The rate constants R, can be readily measured by
inversion recovery experiment. Initially spins are
inverted by a 180° pulse and allowed to recover for a
time interval T and a 90° pulse rotates the
magnetization to the transverse plane for detection. By
varying the inter pulse delay t we trace the intensity
profile of the recovery and the rate constant from the

profile.




Inversion Recovery

M, (7) = —2M © exp(=R,t) + M 0
Z

=M (Z)(l—Zexp(—RZt))

(7"
S(z) = -S°(1-2exp(=R,7)) T

S(z) +S(0)
25(0)

In[3(7)+3(0)] - R:
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Inversion Recovery

The rate constants R, can be quickly estimated if we focus
on getting a null signal by adjusting the t delay in the
Inversion recovery sequence.

l—r- .Mn

S(Tpun)=0= —30(1— 2exp(—R,znun))

1
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R, =In 2/Tnull



Transverse Relaxation

The magnetization in the transverse plane (more
generally the coherences) decay to zero over time. The
decay obeys a rate equation given as:

dMy (1) _

dM , (t)
dt —_nyMx(t) !

= _nyM y(t)

The solution of which is straightforward:
My () =My (0) exp(—Ryyt) My (t) =M, (0)exp(—Ryyt)

~— MJ0)

M(1)




Transverse Relaxation

The decay of transverse magnetization or the coherences
is an effect of the same random motion that caused a
fluctuating local field B, . For the relaxation of the
longitudinal magnetization the components in the
transverse plane of this B,,. was important. We will see
that the importance of the z-component on the
relaxation of longitudinal magnetization when we
consider more than a single spin system.

For the transverse magnetization and coherences, both
the z-component and the transverse components of B,
are required.

2 2 2 2
BIoc,x = BIoc,y = BIoc,z = Bioc



Transverse Relaxation

The transverse components of B,,. move the transverse
magnetization towards the z- direction (like in T, process).
In order for this process to be effective the fluctuations of
B,.. should have spectral densities at the Larmor frequency.
This is called non-secular part of the relaxation. Here, the
spin energy is transferred to the lattice.

The z-component of B,,. acts like an offset term and de-phase
the transverse magnetization/coherences. For this de-
phasing to be random, it is not necessary for the
fluctuations to be fast even very slow variations is
sufficient. This is called the secular part of the relaxation.
Here the spin energy is exchanged among the spins
themselves.

Thus both effect lead to decay of the transverse magnetization
and any other coherences.



Transverse Relaxation

The relaxation rate constant can be shown to be:
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Transverse Relaxation

The linewidth in a 1D spectrum will yield the transverse
relaxation rate constant. However, if the field is
inhomogeneous, the linewidth would be broader than
that caused by relaxation decay alone. However, the
inhomogeneous broadening can be refocused by a spin-
echo sequence and the T, time constant can be
measured.

S(27) = S(0) exp(—Ryy 27) - T
InS(27) =1InS(0) — Ryy (27)

A plot of InS(2 1) with respect to 2t delay will be a straight
line with a slope of —R,,,



Longitudinal Relaxation — Two Spins

So far we focused on isolated spins. Let us now consider a
two-spin system. The possible transitions by relaxation
is shown in the figure along with the transition
probabilities that cause the populations in these levels
to change. We can workout differential equations for
the rate of change of populations.

dn
= w2 (g —n) - (g —nf)) W (ry )

of
2, 0 1, 0 0
+W2( a) (n2 —n2)+W1( a) (n3 —n3)+W2(n4 —n4)




Longitudinal Relaxation — Two Spins

The expressions in terms of populations can be converted to z-
magnetization:
11, =(n —n3) + (N —ny)
lo; =(Ng—n3)+ (N3 —ny)

Then the rate equation for magnetization is written after
tedious calculations as:

dl

diz =—RP (I3, ~13) — 1212, — 13;)
dl
ﬁ = —o12 (13, ~ 1) ~R¥P (12, - 13,)

RE® —w, ) ow A Lw, 1wy

R —w, &) LW 2A) Lw, 1w
a1p =W =W




Longitudinal Relaxation — Two Spins

The rate equations imply that the relaxation of the z-
magnetization of the two spins are coupled by the cross-
relaxation rate constant o,,. This Cross-relaxation effect is
know as Nuclear Overhauser Effect (NOE).The term R, is
known as auto-relaxtion term.

dl
L RO (g, ~15)~o12(1p; - 15,)
dl
% =—012(l1; - Iloz)_ R§2)(|22 - Igz)

RE® —w, ) ow A Lw, 1wy

R —w, &) LW 2A) Lw, 1w
a1p =Wp =W




Dipole-Dipole Relaxation — Two Spins

The most ubiquitous relaxation mechanism in liquid state is
the fluctuating local field induced by the dipole-dipole
interaction between spins.

Each spin is a tiny magnet and is a dipole - two z
magnets brought together in one horizontal

orientation repel and in the opposite horizontal
orientation attract — indicating two distinct °“B

poles.
repel
attract Boo

The interaction between two dipoles depend A‘\
on the mutual distance between them and the
orientation of the dipole-dipole vector with
respect to the z-axis.




Dipole-Dipole Relaxation — Two Spins

With dipole-dipole interaction as the source of relaxation, all
the transition probabilities are non-zero.

di D _\w La) (L5)
d—}[Z:_Rg)(Ilz_Iloz)_o'12(|22_|gz) Rz _Wl +W1 +Wa +Wo
dl R —w, &) LW 2A) Lw, 1w
—2z —o12(ly; — I102) - R§2)(|22 - Igz)

dt o1 =Wp =Wy

1 3,2. 1 3 ,.92.
Wl()=4—ob J(g1) Wl()=4—ob (g 2)

3,.2. 1,0.
W, = > b T Wy = b _
2= 10 J(@g1+awg2) Wy 20 J(wg1—p2)
b= —ﬂ07/137/2h Ho = 47x107 Hm™

r
Permeability of vacuum



Dipole-Dipole Relaxation — Two Spins

We can now compute various relaxation rate constants:

RE® —w, ) pw A L, 1w
R —w, &) LW 2A) Lw, 1w

o1 =Wy =W
RO b7 2 j(on)+ ) ios + ang) o ena-an)|
R = bz[z% J(@g 2) +1% Wwgq +@p )+ 2—10 J(wg 1 — 600,2)}

O1p = sz% J(wg1 + @ 2) —2% J(wg 1 — wo,z)}



Dipole-Dipole Relaxation — Two Spins

Let us focus on the cross-relaxation term:
o1p =Wy —W - —bZPj(a) F )= (g — )}
12 2 0 12 10 0,1 0,2 20 0,1 0,2

We can set w, , = w, , = @, for homonuclear spins and then,

12| 2 2wy - L | i(wp) =27
o1p =D LO J(2m0) =7 J(O)} 0 1+ 027
We can evaluate o,, for (a) w,7.<<1 and (b) w,7.>>1
1 1 ! 0,=500MH
@) 012 =, b (B)oyp =~ b7z T wles
2 10 0 —

(@) j(@n) =27 (B)i(ep #0)~0 j(0) =2 o wo
7.=360ps

o, is zero when W,=W, and happens when w,7.=1.118



NOE

Let us focus on an one-pulse experiment (a) spin 2
in which (a) prior to the pulse, one of .
the two spins is selectively irradiated
continuously at its resonance so that
the z-magnetization of this spin

SIS SR (b)
reaches the zero value — a situation
termed saturation. We then repeat
the experiment (b) without the
selective irradiation and subtract the
results. This experiment is known as | |
steady-state NOE experiment.

If there is a cross relaxation between (a) Jk {}
the spins then intensities of the un
irradiated spin will be different and a
NOE is observed. The NOE in (b) JL JL
spectrum (c) can be positive or
negative depending on the sign of
cross correlation rate (motional (©) = (a) - (b)

regime). Y




Steady-State NOE (Homo-Nuclear)

In the steady-state NOE experiment, the
spins reach a steady state of z-

(a) spin
magnetization,(l,, ., I,, ;=0)before the e IMM,,
pulse. At steady state,

di :
d—izz—R§l)(|1z—|1oz)—012(|2z_'ZQZ):O HHH

1 0 0
Rg)(llz ss_llz):UlZIZZ Q, Q,
|

O 0 O 0
117,65 5 %12) 12, + 1) = l12[1+ R%ﬁj with 1) =13, o N @

NOE enhancementjny = 0 = 2O (©) = (a) - (b)




Steady-State NOE (Homo-Nuclear)

In the steady-state NOE experiment, a
plot of the NOE enhancement vs @,

. . . (a) spin 2
is illustrative. |

012 (c) = (a) - (b)




Steady-State NOE (Hetero-Nuclear)

In the steady-state NOE experiment, if the spins are of
different nuclei (I and S) and say the | spins are irradiated,
the steady state of z-magnetizations are I, .=0, and S, ... At

steady state,

dS
= RS, -87) a1 (1, - 17) =0

1 0 0
Rg)(sz,ss_sz)zo'lslz

0
OIS 10 o0 |a0la 71 OIs .S, Js
Sz,ss Rgs) l; +S; Sz[ +7/5 R§S)) Wit |? ’

0 o 0
Sz(l‘l‘yl (ISS)]_SZ
Vs Rz _71 018

s) 7s RS

NOE enhancement|nys =




Transient NOE (Homo-Nuclear)

One could also monitor the relaxation evolution if one or both
spins are inverted and allowed to come back to equilibrium.
Such an experiment is called Transient NOE experiment.
Assuming homonuclear case and setting R (=R (2 and
l,,0=1,,, we can write the rate equations as,

d'hzt(t) =R, (I, () -17) - o121, () - 17)

%Z—Glz(llz(t)_Ig)_RZ(IZZ(t)_Ig)

_di?
n®) =10 13 22 =15, -17 and usmgd—tzzo

dZCZII.t(t) =-R, 1 (t)— 01242 (t)

d}(dzt(t) =~y 11 (1) =R, 75 (t)




Transient NOE (Homo-Nuclear)

The solutions can be easily obtained from the sum and
difference equations,

WAL - (R, +o1)(n+ 72), (a+ 72) = (1a(0)+ 2 (@) P2
WAZ22) - (R, —o10) - 22). (= 22) = (1a(0) - 2o @2

Zl(t) — %1(0)(e_(Rz +o)t + e_(Rz —o)t )_|_ 7> (0)(6_(RZ +opo)t _e—(RZ —alz)t)
7o) = 1 (O)(e_(Rz +o12)t _ a=(Rz—on2)t )+ P (O)(e_(RZ rop)t | o=(R; —glz)t)

The deviations y(t) from equilibrium value evolves in a multi-
exponential way.



Transient NOE (Homo-Nuclear)

Let us say that we (a) selectively invert spin 2 alone and wait for a
time t before applying the 90° pulse, and in (b) skip the inversion

pulse and subtract the signals.

@ a0 71(0)=0
slp;l;_T_h _ 0 _ 0
22(0) =—15; _|22 =215,

” W 72(0)=-217
210l et G|

¥o(t) =-2I g(e‘(RszUlz)t + o~ (Rz—om)t )

Q, Q,
| |
M

o N

(€)=(a) - (b)

e N

V-

~217 =21
15, () = |9[1— 2(e_(Rz+012)t + e~(Re—om2)t )]

0
NOE n, = |17 (t) - 5 _ Zl(t) _ (e—(RZ+012)t _e—(RZ—alz)t)

The return to equilibrium of the inverted magnetization of spin 2
cannot be characterized by a single rate constant T,.



Two-Dimensional NOE Experiment
NOESY

We can get the NOE signal between all the spins in a molecule by
performing a 2D Nuclear Overhauser Enhancement Spectroscopy
(NOESY) experiment. We retain only the z-component after the
second pulse. Let us only focus on offset evolution.

I f1 I-I-l T —»

t2 -

T

T
—1

X . A
IlZ 2—)—|1y b1 )-lly COS(Q]_tl)—I- IlX Sln(Q1t1)2—>—I12 COS(Qlt]_)...
T T
51 Qo : 2 X
l,, —&—>—| 211z 5 _ |, cos(Qotr) + 15, SIN(Qot;) —~—>—1,, cOS(Qot1)...
217 2y 2y 21 2X 211 22 241

The z- magnetization after the second pulse relaxes back and cross-
relaxation converts part |, to |,, and vice versa The third 90°
pulse rotates the z magnetization to detectable signals.



Two-Dimensional NOE Experiment
NOESY

Since during t, evolution, the spins are frequency labeled, when the
cross relaxation inter-convert magnetizations between the spins
that appear as a cross-peak.

71(0) = —cos(Qqt1) 11, — |fz

X2(0) = —cos(Qyty) 15, — 1 gz

I f1 I-I-l T —»

Let’s focus on the part that has cosine frequency label

11, (7) = —cos(Qqty) 14, (e_(RZ to12)7 4 o=(Rs _"12)7) Diagonal Peak

— COS(QZtl) | 97 (e_(RZ +012)7 _ e_(RZ _012)7) Cross Peak

l,,(7) =—cos(ty) 14, (e—(Rz +012)7 _ o=(R; —012)7) Cross Peak

—C0s(Qst9) 15, (e_(RZ +012)7 | o= (R; —012)7) Diagonal Peak



Two-Dimensional NOE Experiment
NOESY

Schematic 2D NOESY spectrum is shown. The axial peaks arise from
the terms that don’t have cosine modulation with respect to t,.

IlZ (T) = —COS(Qltl) I].Z (e_(RZ +O-12)T + e_(RZ _0-12)7) Diagonal Peak

—cos(Qoty) 15, (e_(R2+‘712)7 —e (R “’12)7) Cross Peak
5, (7) =—cos(ty) 14, (e—(Rz +012)7 _ o=(R; —012)7) Cross Peak
—cos(Q,t)1,, (e—(Rz +012)7 | e—(Rz—Glz)T\, Diagonal Peak
.......
0
0) =—cos(qty) 14, — | : :
7%0) (ty)z 1z ¢ axial peaks ¢ w;=0
0 ’
%2(0) = —cos(Qoty) 1o, =11 4
U0 fommreelemmmmmmmmmnn s " """ -Q-|
|
Q; Q



Two-Dimensional NOE Experiment
NOESY

The NOESY cross-peaks indicate a non-vanishing cross-relaxation
rate that depends on the distance between the spins (o ccr ).
Weaker cross peak imply longer distance.
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Two-Dimensional NOE Experiment
ROESY

When the product w,z. ~ 1.18 the cross relaxation term vanishes
and thus the NOESY experiment does not yield any cross peak in
this motional regime. From Stokes formula, the correlation time
of a molecule can be roughly estimated from its molecular
weight A. molecular weight of 1000 corresponds to a correlation
time of 0.5 ns with . Small molecules with molecular weights in
the range of 700-900 Daltons fall in the zero — NOESY - cross-
peak regime when probed using a 500 MHz spectrometer.

If the transverse magnetizations are spin-locked then they can also
cross relax and this cross relaxation term will give rise to cross
peak. Such an experiment is called Rotating frame Overhauser
Spectroscopy — ROESY. The ROESY cross relaxation term does
not vanish for any correlation time.



Two-Dimensional NOE Experiment
ROESY

The Rotating frame Overhauser Spectroscopy — ROESY is a simple
sequence that uses spin-locking field during the mixing time.

- T > t, —
| - —

We can write the rate equations of the x- component of the
magnetization during the spin-lock field as:

dlq, (t di,, (t
tlxt( ) ~Ryylix () —oxylox () fj)'([( - ~Oxyl1x (1) = Ryylax (1)

1 . 3
=b?| = j(0)+—J
Ty b 15 10+ 2 3(an)|
o,, Is a sum of two positive terms and does not vanish for any
correlation time.



Two-Dimensional NOE Experiment
NOESY vs ROESY

NOESY T ROESY

=0.1ns
¢ . [ ]
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time for a set of rotational 6 % o=03ms [ e
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between the two protons set to be :I\' -
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a2, e TS
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Two-Dimensional NOE Experiment
NOESY vs ROESY

NOESY ROESY

R <0 Diagonal
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Further Reading

We have only briefly touched the subject of
relaxation in NMR. There are detailed chapters in
the books we have recommended on this topic and
several review articles. One can, perhaps, take a
first dive in this branch by starting with the
following article:

A Primer For Nuclear Magnetic Relaxation in Liquids

Concepts in Magnetic Resonance Part A 17A: 86-116,
(2003).



